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Due to the delay, this Problem Set will be a bit shorter.

1 Gaining some intuition about Shor’s algorithm

The last step of Shor’s algorithm discussed in the lecture was to apply a quantum Fourier trans-
form, which is defined as follows

FQ |y〉 =
1√
Q

Q−1∑
j=0

e
2πi
Q

yj |j〉,

where j and y are integers, Q = 2nQ is the dimension of our computational subspace and |j〉 and
|y〉 denote computational basis vectors.
It is a priori not obvious that this operation can be implemented efficiently with quantum gates,
hence, we look at a small example to understand how this works. Let’s express FQ as a Q × Q
matrix with entries

〈m| FQ |n〉 =
1√
Q
ωmn,with ω = e

2πi
Q ,

where m,n ∈ {0, . . . , Q− 1}.

(a) Write down F2 in matrix form. Do you recognize what quantum gate it represents?

We will stop with this little example, but for larger values of Q one can find structures / building
blocks within these matrices that correspond to gate operations and enable an efficient implemen-
tation of QFT.
Instead we will now look at the final step of the algorithm, which is the measurement of the top
register. We found that just before the measurement (after QFT) and assuming that the bottom
register is in a particular state, i.e. fx(k) = f , where fx(k) is the modular exponential function
defined in the lecture with period s: fx(k + ls) = f , where k, s and l are integers, the top register
is in the state

|ψ〉 =
1√
QL

Q−1∑
j=0

L−1∑
l=0

ω(k+ls)·j |j〉.

In order to gain some intuition about what states |j〉 can be measured in a particular realization,
we want to look at the following simplified expression

S(s,Q) :=
∑
q

e
2πi
Q

qs
, (1)

where q ∈ {0, 1, . . . , LQ}.
You can convince yourself, that this expression is equivalent to the one above.



(b) Consider S(3, 4), L = 1, and compute the exponential terms E(q) = e
2πi
Q

qs for the different
values of q. Represent each value as a vector in the complex plane and compute the sum
S(3, 4).

(c) What changes, if s/Q is an integer?

2 Sideband cooling in Ion traps

In the lecture you discussed the coupling of a light field to an ion in a strongly confining, parabolic
trapping potential. One of the consequences of this combination is that the ions motional state
can be cooled by scattering light off the ion. In the following we will discuss this setup and try to
characterize the cooling process. The relevant Hamiltonian contains the ion’s internal state (it is a
two-level system), the coupling to the incident light field and the motion of the ion. The coupling
term is:

ĤI =
1

2
~ΩL(σ̂† + σ̂)

(
ei(kx̂−ωLt+ϕ) + h.c.

)
Here, x̂ =

√
~/(2mωi)(â

† + â) is the position operator for the ion. The decay rate of the excited
state is γ � ωi (with ωi the trap’s harmonic oscillator frequency), but for now we do not take into
accoont spontaneous emission.

(a) Make the transformation of the Hamiltonian to the rotating wave approximation with a detun-
ing of the light field from the resonance of ∆ = ωL − ω0. This introduces the Lamb-Dicke
parameter η as kx0, with x0 the harmonic oscillator length.

(b) Approxime the Hamiltonian by assuming a small Lamb-Dicke parameter and expanding the
Hamiltonian to first order in η. What are the transition matrix elements for the carrier fre-
quency and for the blue and red sidebands (the frequencies where the adjacent harmonic os-
cillator levels are in resonance)?

(c) What does the Lamb-Dicke parameter describe? How large does the trap frequency have to
be in order to reach an η = 0.1 for an excitation wavelength of 729 nm (the intercombination
transition of the Calcium ion discussed in the journal club)?

(d) Assume that the ion is in the first excited vibrational level. We want to know the initial cooling
rate (the rate of energy decrease in the motional degree of freedom) when tuning a weak laser
ΩL � γ � ωi to the red sideband resonance and scattering photons due to spontaneous
emission. For this, assume that the ion does not change the vibrational state when a photon is
emitted spontaneously.

(e) So the question is which temperature (average harmonic oscillator energy) will this cooling
process finally reach? To calculate this, estimate the heating rate once the ion is in the ground
state, by calculating the rate of photons scattered due to off-resonant scattering. Assume that
that emitting a photon changes the oscillator level of the ion with a probability of η. Together
with the previously determined rate you can then determine the equilibrium state (classical!)
of the system in the limit where the ion is mostly in the ground state, and with some probability
in the first excited state (low temperature limit), and thus give the equilibrium temperature.
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