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1 GHZ States and entanglement

A close relative of the Bell states are the Greenberger-Horne-Zeilinger states. Essentially
they are a generalization to more degrees of freedom (or qubits). The typical example is
the state

|Ψ〉 =
1√
2

( |111〉 − |000〉)

(a) The operators σx, σy and σz are the usual spin operaturs acting on the qubits as two-
level systems. Prove that the GHZ states are eigenstates to the following operators
and give the eigenvalues:

1. σx ⊗ σx ⊗ σx
2. σx ⊗ σy ⊗ σy

(b) Can you find a quantum computing circuit such that a GHZ state can be produced
from the |111〉 state, using only single-qubit rotations and the Hadamard (”beam
splitter”)-gate and the CNOT-gate?

(c) A state of a system of several particles is called ”maximally entangled” if it is a
pure state and a basis can be found such that isolating the density matrix of any
subsystem (by tracing out the remaining subsystems) leads to a density matrix which
is a (normalized) unity matrix. Show that the GHZ state is maximally entangled in
this definition.

(d) If you remove (trace out) only one of the qubits and consider the reduced density
matrix of the two remaining qubits, is this a correlated state? Is it an entangled
state?

(e) Is the state 1√
3
( |001〉+ |010〉+ |100〉) a maximally entangled state?

2 Quantum Cryptography, the BB84 protocol

We consider the BB84 protocol: In this protocol, Alice encodes a stream of random binary
numbers onto a string of laser pulses, which it sends to Bob, where they are measured. To
this means, Alice chooses a string of random zeros and ones, and encodes them using one
of two basis sets. One possible choice of basis sets consists of four linear polarizations: In
basis HV the number 0 is mapped onto horizontal polarization | ↔〉 and 1 onto vertical
polarization | l〉. In Basis 45, on the other hand, a 0 is mapped onto | ↖〉 and 1 onto | ↗〉,
i.e. the two polarizations are rotated by 45◦ with respect to the other basis. For each bit
Alice decides randomly which basis to use and sends the light pulse to Bob, who chooses
randomly and independently one basis to measures its polarization: The measurement
setup consists of a switchable λ-plate, which can rotate polarizations between the two
measurement basis, followed by a polarizing beam splitter and two photon detectors. We
assume for now that each light pulse contains exactly one photon.



(a) Give the probabilities for the two measurement results 0 and 1 of Bob’s measurement
for the states | ↔〉 and | ↖〉 for each of Bob’s basis choices!

After many photons have been send, Alice and Bob announce publicly which basis they
have used for which photon and discard all photons where they used different basis.

(b) How many secure bits will they share after one second if Alice sends 106 pulses per
second under this perfect conditions?

(c) One strong reduction of the achievable bit-rate arises due to photon loss in optical
fibers and the finite quantum efficiency of Bob’s photodetector. The quantum effi-
ciency is the probability of detecting a photon and can reach more than 60% for visi-
ble photons, but for the widely used infrared wavelength around 1550nm the quantum
efficiency is typically around 10%. At these wavelengths, the so-called telecom wave-
length, the absorption in optical fibers is minimal and lies around 5% per kilometer.
What is the maximum fiber length in order to achieve a bit rate of 1kbit/s?

(d) One further complication arises from the fact that Bob’s photon detectors, so-called
single photon counters, have a dark count rate, that is sometimes they give a signal
although no photon has been present. This gives rise to errors in the key as sometimes
Bob’s photon counters will measure a dark count instead of the photon transmitted
by Alice. If the probability for a dark count during the pulse time is 10−4, what is
the maximum fiber length in order to limit the error rate to 10%?

(e) Can you think of any ways to increase the maximum distance of the cryptography
protocol by using any methods discussed previously in the lecture?

3 Quantum algorithms

In the lecture we have used several useful relations and properties that we want to in-
vestigate in more detail here. Note, that we have omitted all normalization constants for
simplicity!

(a) Prove the following equation∑
x∈{0,1}n

(−1)s·x |x〉 = ( |0〉+ (−1)s1 |1〉)⊗ ( |0〉+ (−1)s2 |1〉)⊗ · · · ⊗ ( |0〉+ (−1)sn |1〉)

by expanding the right-hand side and using xj ·s = sj . First start with a small number
of qubits, e.g. n = 2, and then generalize it.

(b) Prove the following relation

H⊗n |x〉 =
∑

z∈{0,1}n
(−1)x·z |z〉.

Remember that H |xj〉 = |0〉 + (−1)xj |1〉, for all xj ∈ {0, 1}. It may be instructive
to again start with a small number of qubits.

(c) Show that
(a⊕ b) · c = a · c⊕ b · c

(d) Write down a truth table for a 3-bit function fulfilling Simon’s property [f(x) = f(y),
y = x⊗s], using the secret string s = 101. Verify that for a matching pair the following
relations hold: y ⊗ s = x and x⊗ y = s.
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