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1 Bell states

In the case of two Qubits an important basis for the possible internal states consists of
four maximally entangled states, the so-called Bell states:

|Ψ±〉12 =
1√
2

( |H〉1 ⊗ |V 〉2 ± |V 〉1 ⊗ |H〉2) |Φ±〉12 =
1√
2

( |H〉1 ⊗ |H〉2 ± |V 〉1 ⊗ |V 〉2)

(a) Give the density matrix ρ, in ket/bra and in matrix form (using the { |H〉1 ⊗ |H〉2,
|H〉1 ⊗ |V 〉2, |V 〉1 ⊗ |H〉2, |V 〉1 ⊗ |V 〉2}–basis) for the four Bell states, as well as
for the partially entangled state N · |H〉1 ⊗ |H〉2 + ε |V 〉1 ⊗ |V 〉2

The Bell inequality was computed using the specific Bell state

|Ψ−〉 =
1√
2

( |+ 1〉A | − 1〉B − | − 1〉A |+ 1〉B),

with | ± 1〉A and | ± 1〉B being the eigenstates of the spin operator σ̂Az and σ̂Bz with the
eigenvalues ±1.

(b) Show that indeed
〈Ψ−|(~αi · ~σA)⊗ (~βj · ~σB)|Ψ−〉 = −~αi · ~βj

2 Bell states and Entanglement Swapping

We again consider the Bell states:

|Ψ±〉12 =
1√
2

( |H〉1 ⊗ |V 〉2 ± |V 〉1 ⊗ |H〉2) |Φ±〉12 =
1√
2

( |H〉1 ⊗ |H〉2 ± |V 〉1 ⊗ |V 〉2)

Note that these states describe only the internal states of the two Qubits. In the following,
the two-level systems shall be photons of identical timing, frequency and pulse shape, i.e.
they shall be identical except for (i) their polarization, which forms the above mentioned
(internal) two-level system and (ii) their spatial mode.
If the spatial modes of the photons are overlapped on e.g. a beam splitter or a photode-
tector, they are indistinguishable, and as a consequence their total wavefunction must be
symmetric, i.e. it must remain unchanged under exchanging the particles one and two.

(a) Consider two spatial modes |a〉 and |b〉 and consider states with one photon in each
mode. There are two possible spatial two-photon modes:

|ΨA〉 =
1√
2

( |a〉1 ⊗ |b〉2 − |b〉1 ⊗ |a〉2) |ΨS〉 =
1√
2

( |a〉1 ⊗ |b〉2 + |b〉1 ⊗ |a〉2)

The total wavefunction of a two-photon state can then be written as |Ψ〉total12 =

|Ψ〉int12 |Ψ〉
spatial
12 . For each of the four Bell states as internal states, which spatial

wavefunction is required such that the total wavefunction is symmetric under the
exchange of particle one and two?



(b) Now assume that the spatial modes are the input modes of a loss-less 50:50 beam
splitter. One of the four bell states can be reliably detected by only measuring the
photon numbers behind the beam splitter. Which one and why?

Entanglement swapping is a method to create entanglement between two photons orig-
inating from different sources. The procedure starts with two independent sources that
each emit a pair of entangled photons:

|Ψ−〉12 =
1√
2

( |H〉1 ⊗ |V 〉2 − |V 〉1 ⊗ |H〉2)

|Ψ−〉34 =
1√
2

( |H〉3 ⊗ |V 〉4 − |V 〉3 ⊗ |H〉4)

Taken together, these states form the four photon state |Ψ〉1234 = |Ψ−〉12 ⊗ |Ψ−〉34 in
the total Hilbert space H1 ⊗H2 ⊗H3 ⊗H4

(c) The above state can also be written as |Ψ〉1234 =
∑

i ci |χi〉14 |χi〉23 where the sum
runs over the four Bell states. Calculate the coefficients ci.

(d) What state results for the two remaining photons (1 and 4) if you project the sub-state
of photons 2 and 3 onto a Bell state?

3 Another nail in the coffin for a hidden variable theory

Let us assume we have a very general photon pair source which generates pair states of
the form

|Ψ〉 = c1 |00〉+ c2 |10〉+ c3 |01〉+ c4 |11〉

with a set of real coefficients ci which is the same for each pair.
The photons of the pair are emitted in opposite directions and are detected after some
time at two detectors A and B, which are each either measuring in the original { |0〉,
|1〉}-basis, or in the { |0θ〉, |1θ〉}-basis. The latter basis is the original basis rotated with
θ such that |0θ〉 = cos(θ) |0〉 + sin(θ) |1〉. The value of θ always stays the same, but
which of the two bases is used for the measurement is randomly chosen every time, and
for both detectors independently. For example (0, 0θ) means that the first detector was
operating in the { |0〉, |1〉}-basis, and obtained 0, while the second detector measured in
the { |0θ〉, |1θ〉}-basis and the result was 0θ.

(a) After a large number of experiments, we find that the following combinations never
happen: (0, 0), (0θ, 1), (1, 0θ). What follows from this for the coefficients ci, for a
given angle θ?

(b) Calculate the probability of measuring (0θ, 0θ).

(c) If you can choose the coefficients ci according to (a), and the angle θ freely, what is
the configuration with maximum probability of measuring (0θ, 0θ), and what is the
maximum value?

(d) Independently of the previous calculations: Find an argument that for any classical
state, the measurement results from (a) necessarily mean that the probability for
(0θ, 0θ) would be zero.
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