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1 Beam Splitters

Consider a loss-less beam splitter with the input arms 1 and 2, and the outputs 3 and 4.
For a 50:50 beam splitter the transformation of the field operators on the beam splitter
can be given by (
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(a) How are the creation operators at the input â†1 and â†2 expressed as a function of the

output creation operators â†3 and â†4?

Determine the correlation 〈n̂3n̂4〉 of the two exit ports for the case of exactly two photons
entering the beam splitter at the same time

(b) in the case of entering through the same port, and

(c) in the case of entering through separate ports, and

(d) compare to the respective classical case.

2 Entangled States

We consider in the following a system of two distinguishable two-level systems with states
|0〉 and |1〉. Are the following two-particle states entangled?

(a) |Ψ1〉 = 1
2(i |00〉+ |01〉 − |10〉+ i |11〉)

(b) |Ψ2〉 = 1
2(i |00〉+ |01〉+ |10〉+ i |11〉)

3 No Cloning Theorem

The No-Cloning-Theorem states that it is impossible to perfectly copy the state of quantum
system onto another without altering the quantum state of the first system. In order to
see this let us assume a perfect ”Quantum Amplifier”, that can copy both basis states of
a two-level system (“Qubit”) |0〉, |1〉 |0i〉 = |1i〉 and is given by the following unitary
operator: Q̂ |0i〉 = |00〉 and Q̂ |1i〉 = |11〉. Here, i denotes the non-initialized second
qubit.

(a) Now assume an arbitrary initial state for the first Qubit: |i〉 = α |0〉 + β |1〉. How
would a perfectly cloned state |ss〉 look in the chosen basis |00〉, |01〉, |10〉, |11〉?

(b) Compare the above state with the state created by our Quantum amplifier!



(c) Prove the general No-Cloning-Theorem for arbitrary quantum states: Assume one
particle in an unknown quantum state |Ψ〉 and another one in the known state |i〉.
Cloning would mean to change the state |i〉 into the state |Ψ〉 without changing the
state of the first particle, such that the final state is given by |ΨΨ〉. This would be
accomplished by a unitary operator Û that fulfills

Û |Ψi〉 = |ΨΨ〉.

Show that such a unitary operator cannot exist, by comparing the scalar product
between two different initial states |Ψi〉 and |Φi〉 with the scalar product after the
cloning operation.

(d) Why is the No Cloning Theorem required for the uncertainty principle?

[see also: W. K. Wootters and W. H. Zurek, A Single Quantum Cannot be Cloned, Nature
299, 802 (1982)].
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