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1 Husimi-Kano Q-function

The Q-function is a very useful way to represent and visualize quantum states and to
calculate many expectation operators. For a given quantum state, defined via its density
matrix ρ̂, it is defined as

Q(α) =
1

π
〈α| ρ̂ |α〉

where α is a complex number and |α〉 denotes the corresponding coherent state.

(a) Show that the Q-function of a pure state |Ψ〉 is given by

Q(α) =
1

π
|〈α| Ψ〉|2

(b) Calculate and plot the Q-function for a coherent state |α′〉, a Fock state |n〉 and the
vacuum state |0〉. Use a 2D Contour plot with Im(α) and Re(α) as axes.

(c) Calculate and plot the Q-function of the state

|Ψ〉 = N
1√
2

(
|α′〉+ | − α′〉

)
What state is this? And why is N in general not unity?

2 Diameters of stars

One of the intended applications of the Hanbury Brown and Twiss interferometer was
the measurement of star diameters. By measuring the correlation function of the object,
the size can be reconstructed. We consider a two-star system: Procyon A, a yellow
(typical λ = 575 nm) star with radius r = 1.86 × Rs, where Rs is the radius of the sun
(Rs = 6.96 × 105 km), and Procyon B which is orbiting around Procyon A with 15 AU
separation. The system is at a distance of 11.4 light years from earth.

(a) Assuming the stars are two point sources of equal intensity, and that we observe
perpendicularly to the plane of the system, draw a sketch of the HBT correlation
signal (as a function of detector separation). The sketch does not have to be precise,
but the scales/axes need to be defined precisely.

(b) Assuming that Procyon A is well described by a uniformly lit disk, and considering
the problem in 1D (where a disk is a line): Calculate the resulting correlation signal
of Procyon A alone.

(c) Sketch this correlation signal, with correct axis scaling.

(d) HBT correlations are not really used in Astronomy these days. Instead, first-order
correlations instead of second order are measured. Why is that an advantage?



3 Photon statistics

The second-order correlation function at equal times for a single mode field is given by

g(2)(τ = 0) =
〈â†â†â â 〉
〈â†â 〉2

.

(a) Show that one can rewrite this expression as

g(2)(0) = 1 +
(∆n)2 − n̄

n̄2
,

where n̄ is the mean number of photons and (∆n)2 is the variance.

Now we consider thermal light. The probability to have n photons in the mode is given
by Boltzmann statistics,

p(n) =
e
− n~ω

kBT∑∞
n=0 e

− n~ω
kBT

.

(c) Show that p(n) can be expressed as

p(n) =

(
1− e

− ~ω
kBT

)
e
− n~ω

kBT

using the general result
∑k−1

j=0 x
j = (1− xk)/(1− x).

(d) Calculate n̄ for thermal light.
Hint: Try to express it in terms of d

dx(
∑∞

n=0 x
n) and use the relation you found above.

(e) Show that

p(n) =
n̄n

(1 + n̄)n+1
.

(f) Calculate 〈n2〉 using the relation for p(n) given just above.

(g) Calculate g(2)(0) for thermal light.
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