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1 Spontaneous emission of the atom into a cavity, Purcell-effect

Consider a two-level atom with a transition frequency ωeg inside of a cavity. The mode
distribution of the cavity inside the free spectral range can be described by a Lorentzian
expression:

ρ(ω) =
2

πκ

κ2

4(ω − ωc)2 + κ2
. (1)

Here, ωc is the central frequency and κ the line width of the cavity. ρ(ω) has been chosen
such that

∫∞
0 dωρ(ω) = 1.

(a) Let us assume that the atom and cavity are in resonance: ωeg = ωc. Show using the
following equation

ċe(t) = −
∑
~k,λ

|g~k,λ|
2

∫ t

0
dt1e

i(ωeg−ωk)(t−t1)ce(t1), (2)

that the spontaneous decay rate has been changed to γc = γ · Fp. Determine the
Purcell-Faktor Fp. What is the relation between Fp and the quality factor of the
cavity Q = ωc/κ?

(b) What happens in the general case, i.e. with the atom not necessarily in resonance
with the cavity mode?

(c) What will happen if the cavity length is continuously changed?

(d) Let us assume you could orient the atom’s dipole orthogonal to all possible polarization
directions of the cavity. How would the system evolve in that case?

2 Typical spectra and correlation functions of two-level atoms

In the following we will consider some correlation functions for light sources, using the
Wiener-Khintchine-theorem.

(a) Show that the coherence time for chaotic light sources with gaussian- and Lorentz-
shaped spectrum can be expressed as:

τc ≈
∫ ∞
−∞

∣∣∣g(1)(τ)
∣∣∣2 dτ.

(b) Let us assume an incoherent light source with only the Doppler broadening defining
the spectral width. The line shape in emission and absorption is given by

FG(ω) =
1√

2πσ20
exp

[
−(ω0 − ω)2

2σ20

]
mit

∫
FG(ω) dω = 1.



Show that the correlation function can be written as

g(1)(τ) = exp
[
−iω0τ − 1

2σ
2
0τ

2
]
.

(c) If the natural linewidth and the collisional broadening is taken into account in addition
to the Doppler broadening, the line shape is the so-called Voigt profile, which is a
convolution of the gaussian and a Lorentz distribution.

FV(ω) = (FG ∗ FL)(ω) =

∫ +∞

−∞
FG(ω)FL(ω − ω′)dω′ mit FL(ω) =

γ

π(ω2 + γ2)
.

Calculate the corresponding normalized correlation function of first order.

3 Correlation Functions

In the following we will discuss some simple relations for correlation functions of first and
second order

(a) Describe and sketch briefly one experiment each to determine the correlation function
of first order g(1)(τ) and second order g(2)(τ).

(b) What is the relation between the spectral power density F (ω) (“power spectrum”)
and the classical correlation function of first order g(1)(τ)? Is it possible to determine
the temporal development of the electric field ~E(t) from the power spectrum F (ω)?
Give an argument for your answer.

(c) What is the classical correlation function of first order for a Gaussian shaped power
spectrum (for example due to Doppler broadening)? What is the correlation func-
tion of a Lorentzian shaped power spectrum (for example the natural line width or
collisional broadening)?

(d) Consider a light source which has two sources of line broadening F1(ω) and F2(ω).

Discuss why the power spectrum in such a case is generated by a convolution of the
individual spectral distributions.

(e) Prove that the correlation function of the first order then is the product of the indi-
vidual correlation functions.

(f) Show that a classical correlation function (2nd order) can never be smaller than 1 for
τ = 0. Use the well-known Cauchy-Schwarz-inequality for this:∣∣∣∣∣∣
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