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1 Cavity without atom

We will quickly review some simple properties of the longitudinal modes of a cavity. For
simplicity you can use classical light fields or photons, whatever is easier.
Assume a one-dimensional cavity with two mirrors with a reflectivity R. Here, we define
R as the intensity reflectivity, so R is the probability of a photon to be reflected by this
mirror. The transmission T = 1−R, and the cavity length is L.

(a) If you assume R = 1, what are the frequencies of the “allowed” modes inside the
cavity? Calculate the free spectral range of the cavity,i.e., the frequency spacing of the
allowed modes.

(b) Assume that there are many photons / a classical light field inside the cavity. With a
given R < 1, how does the light field / light intensity inside the cavity decay? What
is the decay time constant tc?

(c) What is the spectrum (i.e. the power spectral density) of the light field coming out
of the cavity (and therefore also of the light that can be coupled in, by “reversing
time”)? (Hint: The power spectral density is defined as the absolute value squared of
the Fourier transform.)

(d) The Q factor of a mode (cavity, atom, or anything else, really) is the ratio of the
frequency of a mode to its spectral width (the full width at half maximum). What is
the Qn of the nth mode of the cavity here?

(e) The finesse F is the main parameter which describes the properties of a cavity. It is
defined as its free spectral range divided by the spectral width of the modes. What is
the finesse of our cavity (assume that T � 1, so you may approximate). How is the
finesse related to Q?

2 Jaynes-Cummings-Hamiltonian

The Hamiltonian of the Jaynes-Cummings-Model is given by

Ĥ = ~ω21σ̂
†σ̂ + ~ωâ†â+ ~g

(
âσ̂† + â†σ̂

)
,

where the uncoupled states of the atomic two-level-system are given by |e〉 and |g〉, while
|n〉 denotes the Fock-states of the (single-mode, single-frequency) light field.
( |e, n〉 = |e〉 ⊗ |n〉)

(a) What is the effect of the atomic operators σ̂ and σ̂† on the atomic states |g〉 and |e〉?

(b) What are the eigenstates and eigenenergies of the system in the uncoupled case g = 0?

(c) Show that the interaction term in Ĥ does only couple the following pairs of states:
|e, n〉 ↔ |g, n+ 1〉 and |e, n− 1〉 ↔ |g, n〉.



(d) Calculate the matrix elements of Ĥ in the basis { |e, n〉, |g, n+ 1〉}.

(e) Calculate the eigenenergies E±n in the coupled case (g > 0). Use the following replace-
ment: Ω∆

n =
√

∆2 + 4g2(n+ 1), ∆ = ω − ω21. You should get:

E±n =
~
2
ω21 + ~ω(n+

1

2
)∓ ~

2
Ω∆
n (1)

(f) Show that the state |g, 0〉 is also an eigenstate with eigenenergy 0. Why couldn’t you
obtain this eigenenergy in the above calculation?

(g) All eigenstates can be written as:

|+, n〉 = cos

(
θ

2

)
|e, n〉+ sin

(
θ

2

)
|g, n+ 1〉

|−, n〉 = cos

(
θ

2

)
|g, n+ 1〉 − sin

(
θ

2

)
|e, n〉

Calculate θ or tan(θ).

3 Cavities and atoms

Let us consider a setup, where the cavity is initially prepared in the vacuum state. Then,
two-level atoms are prepared in the excited state, and are then brought to interaction
with the radiation mode of a cavity one after the other (by flying through the cavity).
Assume that both the spontaneous decay of the excited state as well as the decay of
photons from the cavity mode is negligible. The coupling strength g and the interaction
timespan t during which each atom couples to the cavity while it is passing through the
photon mode, is exactly controlled and fixed.

(a) What is the state of the system after one atom has passed through and has interacted
with the cavity during a time t?

(b) We want to know the state of the cavity after m atoms have passed through and
interacted with the photon mode inside it. Show that the probability to find n photons
in that case can be recursively determined with the following relation:

Pm(n) = cos2(gt
√
n+ 1)Pm−1(n) + sin2(gt

√
n)Pm−1(n− 1) (2)

(c) Assume a coupling of g ·t = 0.45. Calculate (numerically!) the probability distribution
of having n photons in the cavity after m =2, 5, 30, 100, 1000 atoms have interacted
with the cavity.

Note: For the larger numbers in the last part you should use a computer. For this, you
can choose any reasonably common program / language.
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