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1 Displacement operator

The displacement operator D̂ is a unitary operator, D̂†D̂ = 1 and is defined as

D̂(α) = eαâ
†−α∗â,

where α is a complex number.

(a) Show that D̂(α) can be expressed as

D̂(α) = e−|α|
2/2eαâ

†
e−α

∗â.

(Hint: Baker-Haussdorf formula)

(b) Show that

D̂(α)†âD̂(α) = â+ α,

D̂(α)†â†D̂(α) = â† + α∗,

which explains the name displacement operator.
(Hint: Baker-Campbell-Haussdorf formula)

(c) Show that the coherent state can be defined as displaced vacuum:

|α〉 = D̂(α)|0〉

2 Quadrature Components and field states

(a) Show that every classical oscillation of the form A cos(ωt + φ) can be written in the
form b cos(ωt) + c sin(ωt) and calculate b and c.

The Quadrature component operators are defined as:

x̂ =
1

2
(â+ â†)

p̂ = − i
2

(â− â†)

(b) Show that a coherent state |α〉 describes a minimum uncertainty state, for which:
(∆x)2(∆p)2 = 1

4 |〈[x̂, p̂]〉|
2.

(c) Calculate the product (∆x)2(∆p)2 for Fock states |n〉.

(d) Illustrate the vacuum |0〉 and coherent |α〉 state as arrows in an x̂p̂-graph, where the
length of the arrow is determined by 〈x̂〉 and 〈p̂〉. Each arrow covers an area which is
associated with the characteristic fluctuations determined by ∆x and ∆p. How can a
Fock state be illustrated in this graph?



3 Squeezed states

In this exercise we will study the properties of another important unitary operator – the
Squeezing Operator – defined as

Ŝ(ε) = e
ε∗
2
â2− ε

2
(â†)2 ,

where ε is a complex number ε = rei2φ.
One can show these relations, which are useful for the following calculations:

Ŝ(ε)†âŜ(ε) = â coshr − â† e2iφsinhr,

Ŝ(ε)†â†Ŝ(ε) = â† coshr − â e−2iφ sinhr.

(If you want to prove them you need to look at all orders of the Baker-Campbell-Haussdorf
formula because higher orders of the commutators do not vanish.)

(a) Calculate the mean values 〈α, ε|â|α, ε〉, 〈α, ε|â†|α, ε〉, 〈α, ε|â2|α, ε〉 and 〈α, ε|(â†)2|α, ε〉,
where the squeezed state is defined as |α, ε〉 = D̂(α)Ŝ(ε)|0〉. Give the corresponding
values for the squeezed vacuum state |0, ε〉.

(b) Calculate the mean value of the number operator n̂ = â†â.

(c) Use the above results to calculate (∆x)2 and (∆p)2 for θ = φ, where θ is the phase of
the complex amplitude α = |α|eiθ. Illustrate the squeezed vacuum |0, ε〉 and squeezed
states |α, ε〉 as arrows in an x̂p̂-graph, where the length of the arrow is determined
by 〈x̂〉 and 〈p̂〉. Each arrow covers an area which is associated with the characteristic
fluctuations determined by ∆x and ∆p. Are squeezed states minimum uncertainty
states?

4 Numerical exercise: driven two-level system

In the interaction picture the Hamiltonian Ĥ of a driven two-level system can be expressed
as

Ĥ = −~Ω0 cos(ωt)
(
e−iω21t |1〉〈2| + eiω21t |2〉〈1|

)
(1)

with ω21 = ω2 − ω1.
In this exercise we want to investigate numerically the rotating-wave approximation (RWA).

(a) Take the Hamiltonian defined above and use the following values:

ω21 = 20 (2)

ω = 21 (3)

Ω0 = 1 (4)

Let the system be in state |1〉 at t = 0, and evolve the state up to t = 5. Plot, on the
same axes the analytic solution for P1 = |〈1|ψ(t)〉|2 obtained using the rotating-wave
approximation (detuned Rabi oscillations).

On time scales ∼ Ω−10 , does the RWA miss any important physics ?

(b) You should notice some small ‘wiggles’ in the exact solution, on top of the Rabi
oscillation. Derive the amplitude and frequency of these wiggles (up to factors of
proportionality) by considering the counter-rotating terms of the full Hamiltonian.
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