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1 Bloch-vector and spontaneous emission

In the lecture we have expressed the optical Bloch equations (OBE) using the Bloch vector.
In vector notation the equations take the following form
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where Ω0 is the resonant Rabi frequency, δ is the detuning between the laser frequency ω
and the transition frequency ω21.

(a) Solve the OBEs for the case of a vanishing light field (Ω0 = 0 and δ = 0) and finite
spontaneous emission (γ > 0).

(b) Assume that the atom is initially in the excited state and sketch its path on the
Bloch sphere for the above case. Calculate and draw the Bloch vector at the times
t = 0, t = ln(2)

γ and t =∞!

(c) Repeat the last exercise for the initial state given by u = 1, v = 0, w = 0.

(d) Now assume the presence of a resonant light field δ = 0, Ω0 > 0. What is the steady
state value of the Bloch vector? Calculate and draw the steady state Bloch vector for
Ω0 = 0, Ω0 = γ, Ω0 =∞ !

2 Fourier-Transformation, Natural Linewidth and Uncertainty

A very useful mathematical tool to analyze functions is the Fourier transformation, which
is a linear integral transformation that relates a function f(t) of one real variable (e.g.
time) to a a function F (ω) of another variable (e.g. frequency):

F (ω) =
1√
2π

∫ ∞
−∞

e−iωtf(t)dt.

Now consider a two-level atom with transition frequency ωa that is initially in the excited
state. In a classical picture it will emit an electromagnetic wave that is exponentially
damped in time:

E(t) = E0 Θ(t) e−
Γ
2
teiωat.

Here Γ denotes the decay constant of the transition and Θ(t) the Heaviside function with
Θ(t) = 1 for x ≥ 0 and Θ(t) = 0 for x < 0.

(a) What is the relation between the decay constant and the lifetime of the upper level?

(b) Calculate the Fourier transform of the emitted light.



(c) Calculate and sketch / plot the resulting intensity spectrum.

(d) Calculate the Fourier transformation G(k) of a Gaussian:
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How is this related to the uncertainty principle in quantum mechanics?

3 Harmonic oscillator and ladder operators

This is a short reminder of how the Harmonic oscillator (H.O.) ladder operator formalism
works, since we will use analog formalisms extensively in the course. For the H.O. the
ladder operators act on the eigenstates of the harmonic potential, raising a given eigenstate
to the next higher eigenstate or reducing it to the next lower state. They therefore create
and destroy excitation quanta in the system.

(a) Using the (usual) definition,

â =
1√

2m~ω
(mωx̂+ ip̂) and â† =

1√
2m~ω

(mωx̂− ip̂),

show that [â, â†] = 1.

(b) By applying the number operator n̂ and the ladder operators â† and â to number
states |n〉 (corresponding to the nth excited H.O. eigenstate), show that

• â |n〉 =
√
n |n− 1〉

• â† |n〉 =
√
n+ 1 |n+ 1〉

(c) In the lecture we will soon introduce a special state defined as a superposition of
number states, the so-called coherent or Glauber states, which are parametrized by
the complex number α:
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Prove that these states are eigenstates to the ladder reduction operator â, determine
the eigenvalue, and show that it corresponds to the H.O. ground state for α = 0.

4 Numerical exploration of the two-level system in the RWA

From time to time we will have numerical exercises. This one is meant as a first warm-
up. You will need a linear differential equation solver for ‘brute-force’ solution of the
Schrödinger equation for time evolution. Any programming language is fine, as long as
you write the code yourself; in particular, it is probably easiest to use Mathematica, or
the Qutip ( qutip.org) package for Python 3, which is specifically built for solving small
quantum systems. Please attach your code along with the plots you produce.
We consider the Hamiltonian of a driven two-level system, which using the rotating-wave
approximation (RWA) can be written in the form

HRWA = −~δ
2
σ̂z −

~Ω0

2
σ̂x, (1)

qutip.org


with the Pauli-operators σ̂z = |2〉〈2| − |1〉〈1| and σ̂x = |2〉〈1| + |1〉〈2| , Ω0 is the Rabi
frequency and δ is the detuning between the laser frequency and the transition frequency.
The driven two-level problem was solved analytically in the lecture. In this exercise we
want to solve it numerically. Construct the time-independent Hamiltonian of equation
(1), feed it to the solver of your choice, and plot the probability to find an atom in the
ground state as a function of time for δ = 0 and δ = Ω0.
Hint: in qutip, the function you want is mesolve().
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