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1 Typical photon energies

A photon, that is a quantum of electromagnetic radiation, is described by its energy or
frequency. In typical quantum optics experiments, two very different frequency ranges are
used. Here we will have a look at these frequencies and some typical characteristics.

(a) A typical laser source for quantum optics experiments would be a titanium-sapphire
laser with a wavelength of λ = 852 nm, the wavelength of one of the resonances of
the Cesium atom. What is the photon energy in Joule (J) and Electronvolt (eV), the
frequency of the light in Hertz (Hz) and to which temperature would it correspond
(E ≈ kBT )?

In many cases one does not need to consider all optical transitions but can restrict oneself
to a single transition connecting the ground state and one excited (electronic) state. This
approximation is known as the Two-Level-Atom and will be used on many occasions
throughout the lecture. In atomic Sodium (23Na, m = 22.99u, u = 1.66 · 10−27 kg), the
most important optical transition has a wavelength of λ = 589 nm. An atom in the excited
state will spontaneously decay back into the ground state by emitting a photon.

(b) Suppose that the relaxation would happen without the photon such that the total
energy would be converted into kinetic energy. What would be the final velocity of an
atom that was initially at rest?

(c) Even if the atom releases the energy by emitting a photon, the conservation of mo-
mentum requires that the atom will nonetheless acquire a velocity, the so-called recoil
velocity. How big is this velocity and the corresponding kinetic energy (recoil energy)?

2 Rabi oscillation

In the lecture we derived coupled differential equations for the time-dependent amplitudes
c1,2(t) of a two-level system (ground state: |1〉, excited state: |2〉) that is driven with a
monochromatic light field:

ċ1(t) = i
Ω0

2
eiδtc2(t),

ċ2(t) = i
Ω0

2
e−iδtc1(t),

where Ω0 is the Rabi frequency and δ the detuning from resonance. The time-dependence
eiδt can be conveniently removed by making the following transformation:

c̃1(t) = c1(t)e
−iδt/2,

c̃2(t) = c2(t)e
iδt/2.



In the lecture we derived the new coupled differential equations, which describe the co-
herent evolution of the two-level system:

d

dt
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)
=
i

2

(
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Ω0 δ
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c̃1(t)
c̃2(t)

)
. (1)

Assume that an atom is initially in the ground state [c̃1(t = 0) = 1, c̃2(t = 0) = 0] and
derive the general expression (δ 6= 0) for the probability that the atom is found in the
excited state P12(t).

3 Density matrices

Density matrices are a convenient tool to express not only pure states (including super-
position states), but also mixed states like e.g. thermal states. In the following we will
consider an ensemble of two-level atoms with the two internal states |g〉 (ground state)
and |e〉 (excited state).

(a) Assume that you have a an ensemble of atoms that are all in the state
|Ψ〉 =

√
3/2 |g〉 − i1/2 |e〉. What is the density matrix of an atom in this ensemble in

the basis |g〉 =

(
1
0

)
and |e〉 =

(
0
1

)
?

(b) Assume now that you have created an ensemble by mixing 75% ground state atoms
and 25% excited state atoms. If you pick one atom at random out of this ensemble,
what is its density matrix?

(c) Assume that somebody gave you an ensemble of atoms. How could you experimentally
distinguish between the above two situation?

(d) The entropy of a density matrix is defined as S = −kB Tr(ρ̂ log(ρ̂)). Calculate the
entropy of the above two density matrices!

(e) How would the density matrix of a thermal state at T = 0 and T =∞ look and what

would be its entropy? A thermal density matrix is defined as ρ̂ = 1
Z

∑
i e

− Ei
kBT |i〉〈i| ,

where Z is the normalization constant which ensures that the sum of the diagonal
elements is 1.

4 Mechanical velocity and electromagnetic fields in Quantum
mechanics

We use the semiclassical Hamiltonian to describe the motion of a charged particle in a
classical electromagnetic field:

Ĥ =
1

2m

(
p̂− q ~A(r̂, t)

)2
+ qU(r̂, t)

We want to define a quantum mechanical velocity operator v̂ in such a way that its
expectation value 〈v̂〉 corresponds to the time derivative of the expectation value of the
position operator 〈r̂〉: 〈v̂〉 = d

dt〈r̂〉
The Ehrenfest theorem states that the time derivative of an expectation value is given by
the commutator of the observable with the Hamiltonian plus the direct derivative:

d

dt
〈Ô〉 =

1

i~
〈[Ô, Ĥ]〉+

∂

∂t
Ô



(a) Which of the following commutators do vanish, and why?

[p̂, ~A(r̂, t)], [r̂, ~A(r̂, t)], [p̂, U(r̂, t)], [r̂, U(r̂, t)]

(b) Calculate the commutator between the components of the position operator r̂ =
(x̂, ŷ, ẑ) and the above Hamiltonian and give the corresponding expression for the
velocity operator.

(c) By using a component of the velocity, say v̂x, calculate the expectation value of the
force m d

dt〈v̂〉. What is the classical analogue of this expression?


