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Hubbard models

Single Atom Imaging Bosons/Fermions

Single Atom Imaging/Control

Single Spin Manipulation

Probing Thermal and Quantum Fluctuations 

LECTURE 1
Introduction 

Brief Review Lattice Basics 

Detection Methods 

Topological Quantum Matter

LECTURE 2 - Quantum Magnetism with UCQG

AFM Order in the Fermi Hubbard Model

Single Spin Impurity

Bound Magnons

Probing Hidden AFM in 1D Hubbard Chains

Superexchange Interactions

Imaging Polarons - Charge Impurities in an AFM

Incommensurate AFM in 1D

Direct Imaging of Spin-Charge Separation

Light Cone Spreading of Correlations

� LECTURE 3 - Many-Body Localisation

Many-Body Localisation Phase Transition in 2D1

Probing MBL transition using domain wall dynamics 

and CDW dynamics 

Wavelength Dependence of Localization

2D MBL with Coupling to a Finite Bath2

CDW Dynamics in the presence of a finite bath

Introduction

Probing Relaxation/Transport Dynamics close to MBL3



Intro The Challenge of Many-Body Quantum Systems

Single Atoms and Ions Photons

Control of single and few particles

D. Wineland S. Haroche

R. P. Feynman‘s Vision

A Quantum Simulator to study the  
dynamics of another quantum system.

Crystal of Atoms  
Bound by Light

Challenge: ... towards ultimate control of many-body quantum systems

Ion Traps 
(R. Blatt, Innsbruck)

Superconducting 
Devices 

(J. Martinis, UCSB, 
Google)

Introduction Strongly Correlated Electronic Systems

In strongly correlated  
electron system spin-spin  

interactions exist.

Underlying many solid state & material science problems: 
Magnets, High-Tc Superconductors, Spintronics ....
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Three Central Goals

New probes & analysis techniques 
- new light on known phenomena - 

Quantitative predictions  
- e.g. equation of state BEC-BCS crossover -

New phenomena / phases of matter 
in new regimes
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Introduction Optical Lattice Potential – Perfect Artificial Crystals 

λ/2= 425 nm

Laser Laser

optical standing wave

Fourier synthesize aribtrary lattices:

• Square
• Hexagonal/Triangular/Brick Wall
• Kagomé
• Superlattices
• Spin dependent lattices
• ...

Full dynamical control over lattice depth, geometry, dimensionality!

Special case: 
flux lattices...

courtesey: T. Hänsch

courtesey: T. Hänsch courtesey: T. Hänsch



courtesey: T. Hänsch

Quantum Spin Systems

Particle Systems: Bosons, Fermions, Mixtures

Classically Intractable Computational Regimes

Few particles up to 1000s  
of particles !

Addressing

Premier point
✓ Ceci
✓ Cela

Deuxième point
✓ Ceci 

Arbitrary Light Patterns

Measured Light Pattern

Digital Mirror Device 
(DMD)

Single Spin Impurity Dynamics, Domain Walls, Quantum Wires, Novel Exotic Lattice Geometries, ...

Almost Arbitrary Light Patterns Possible!

Exotic Lattices Quantum Wires Box Potentials

ERC Synergy From Artificial Quantum Matter to Real Materials

Universality of  
Quantum Mechanics!

Quantum Regime

d
l/d & 1

de Broglie Wavepackets

l

Ultracold Quantum Matter Real Materials

Same         !l/d (Neuchatel)

Densities: 1014/cm3 

(100000 times thinner than air)

Temperatures: few  nK 
(100 million times lower than outer space) 

Densities: 1024-1025/cm3

Temperatures: mK –  
several hundred K

Experiments isolated 
from environment 

Not connected to 
reservoirs!



Experiments isolated 
from environment 

Not connected to 
reservoirs!

Quantum Matter at Negative Absolute Temperature 
S. Braun, J.-P. Ronzheimer, M. Schreiber, S. Hodgman, T. Rom, D. Garbe, IB, U. Schneider

S. Braun et al. Science 339, 52 (2013) 
A. Mosk, PRL 95, 040403 (2005) ,A. Rapp, S. Mandt & A. Rosch, PRL 105, 220405 (2010)



Beyond 
Statistical 
Mechanics 

Many-Body 
Localization

www.quantum-munich.de
Place your citations here...Citations1, 
Citation2, Citation3,... 

‘Higgs’ Amplitude Mode in Flatland 
M. Endres, T. Fukuhara, M. Cheneau, P. Schauss, D. Pekker, E. Demler, S. Kuhr & I.B.

M. Endres et al. Nature (2012) 
Chubukov & Sachdev, PRB 1993; Sachdev, PRB 1999; Zwerger, PRL 2004;  Altman, 
Blatter, Huber,  PRB 2007, PRL 2008;  U. Bissbort et al. Phys. Rev. Lett. (2011); 
D. Podolsky, A. Auerbach, D. Arovas, PRB 2011

Fermi Hubbard Model (FHM)

be the most important open problem in the understanding of quantum
materials, and it is here that radically new ideas, including those derived
from recently developed non-perturbative studies in string theory, may
be useful.

More unique to the copper oxides is the behaviour observed in a range
of temperatures immediately above Tc in what is referred to as the
‘pseudogap’ regime. It is characterized by a substantial suppression of the
electronic density of states at low energies that cannot be simply related to
the occurrence of any form of broken symmetry. Although much about
this regime is still unclear, convincing experimental evidence has recently
emerged that there are strong and ubiquitous tendencies towards several
sorts of order or incipient order, including various forms of charge-
density-wave, spin-density-wave, and electron-nematic order. There is
also suggestive, but far from definitive, evidence of several sorts of novel
order—that is, never before documented patterns of broken symmetry—
including orbital loop current order and a spatially modulated super-
conducting phase referred to as a ‘pair-density wave’. There are many
fascinating aspects of these ‘intertwined orders’ that remain to be under-
stood, but their existence and many aspects of their general structure were
anticipated by theory7. Superconducting fluctuations also have an important
role in part of this regime, although to an extent that is still much debated.

The high-temperature superconducting phase itself has a pattern of
broken symmetry that is distinct from that of conventional superconduc-
tors. Unlike in conventional s-wave superconductors, the superconduct-
ing wavefunction in the copper oxides has d-wave symmetry8,9, that is, it
changes sign upon rotation by 90u. Associated with this ‘unconventional
pairing’ is the existence of zero energy (gapless) quasiparticle excitations
at the lowest temperatures, which make even the thermodynamic prop-
erties entirely distinct from those of conventional superconductors (which
are fully gapped). The reasons for this, and its relation to a proximate anti-
ferromagnetic phase, are now well understood, and indeed were also anti-
cipated early on by some theories10–12. However, while various attempts

to obtain a semiquantitative estimate of Tc have had some success13, there
are important reasons to consider this problem still substantially unsolved.

Highly correlated electrons in the copper oxides
The chemistry of the copper oxides amplifies the Coulomb repulsions
between electrons. The two-dimensional copper oxide layers (Fig. 3) are
separated by ionic, electronically inert, buffer layers. The stoichiometric
‘parent’ compound (Fig. 2, zero doping) has an odd-integer number of
electrons per CuO2 unit cell (Fig. 3). The states formed in the CuO2 unit
cells are sufficiently well localized that, as would be the case in a collec-
tion of well-separated atoms, it takes a large energy (the Hubbard U) to
remove an electron from one site and add it to another. This effect pro-
duces a ‘traffic jam’ of electrons14. An insulator produced by this classical
jamming effect is referred to as a ‘‘Mott insulator’’15. However, even a
localized electron has a spin whose orientation remains a dynamical degree
of freedom. Virtual hopping of these electrons produces, via the Pauli
exclusion principle, an antiferromagnetic interaction between neighbour-
ing spins. This, in turn, leads to a simple (Néel) ordered phase below room
temperature, in which there are static magnetic moments on the Cu sites
with a direction that reverses from one Cu to the next16,17.

The Cu-O planes are ‘doped’ by changing the chemical makeup of
interleaved ‘charge-reservoir’ layers so that electrons are removed (hole-
doped) or added (electron-doped) to the copper oxide planes (see the
horizontal axis of Fig. 2). In the interest of brevity, we will confine our
discussion to hole-doped systems. Hole doping rapidly suppresses the
antiferromagnetic order. At a critical doping of pmin, superconductivity
sets in, with a transition temperature that grows to a maximum at popt,
then declines for higher dopings and vanishes for pmax (Fig. 2). Materials
with p , popt are referred to as underdoped and those with popt , p are
referred to as overdoped.

It is important to recognize that the strong electron repulsions that
cause the undoped system to be an insulator (with an energy gap of 2 eV)
are still the dominant microscopic interactions, even in optimally doped
copper oxide superconductors. This has several general consequences. The
resulting electron fluid is ‘highly correlated’, in the sense that for an elec-
tron to move through the crystal, other electrons must shift to get out of
its way. In contrast, in the Fermi liquid description of simple metals, the
quasiparticles (which can be thought of as ‘dressed’ electrons) propagate
freely through an effective medium defined by the rest of the electrons.
The failure of the quasiparticle paradigm is most acute in the ‘strange metal’
regime, that is, the ‘normal’ state out of which the pseudogap and the
superconducting phases emerge when the temperature is lowered. None-
theless, in some cases, despite the strong correlations, an emergent Fermi
liquid arises at low temperatures. This is especially clear in the overdoped
regime (Fig. 2). But recently it has been shown that even in underdoped
materials, at temperatures low enough to quench superconductivity by
the application of a high magnetic field, emergent Fermi liquid behaviour
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Figure 2 | Phase diagram. Temperature versus hole doping level for the
copper oxides, indicating where various phases occur. The subscript ‘onset’
marks the temperature at which the precursor order or fluctuations become
apparent. TS, onset (dotted green line), TC, onset and TSC, onset (dotted red line for
both) refer to the onset temperatures of spin-, charge and superconducting
fluctuations, while T* indicates the temperature where the crossover to the
pseudogap regime occurs. The blue and green regions indicate fully developed
antiferromagnetic order (AF) and d-wave superconducting order (d-SC)
setting in at the Néel and superconducting transition temperatures TN and Tc,
respectively. The red striped area indicates the presence of fully developed
charge order setting in at TCDW. TSDW represents the same for incommensurate
spin density wave order. Quantum critical points for superconductivity and
charge order are indicated by the arrows.
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Figure 3 | Crystal structure. Layered copper oxides are composed of CuO2

planes, typically separated by insulating spacer layers. The electronic structure
of these planes primarily involves hybridization of a 3dx2 { y2 hole on the
copper sites with planar-coordinated 2px and 2py oxygen orbitals.
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Fermi-Hubbard Model 
 
 
 

AFM Heisenberg Model 
Half filling & strong interaction  
 
 
 
 
 
 
 
 

B. Keimer et al., Nature 518 2015
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hole delocalization magnetic order

Away from half filling: t-J model  
competition between

Measuring  
Momentum Distributions



Bandstructure - Blochwaves  Momentum Distribution Time of flight interference pattern

Ti
m

e 
of

 fl
ig

ht

Periodicity of the  
reciprocal lattice

20 ms

Wannier 
envelope

Grating-like 
interference

• Interference between all waves coherently 

 emitted from each lattice site

Optical Lattices Momentum Distributions – 1D

Momentum distribution 
can be obtained by Fourier 
transformation of the 
macroscopic wave 
function.
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A(xj) · w(x� xj) · ei�(xj)

Dispersion Relation in a Square Lattice



Bloch Oscillations

�⇥j = (V ��/2) �t

�� = 0 �⇥ = �

Preparing Arbitrary Phase Differences  
Between Neighbouring Lattice Sites

Phase difference between 
neighboring lattice sites

(cp. Bloch-Oscillations)

But: dephasing if gradient 
is left on for long times !

Band Mapping

Premier point
✓ Ceci
✓ Cela

Deuxième point
✓ Ceci 

Mapping the Population of the Energy Bands  
onto the Brillouin Zones

Crystal momentum

Free particle 
momentum

Population of nth band is 
mapped onto nth Brillouin 
zone !

Crystal momentum is conserved 
while lowering the lattice depth 
adiabatically !

A. Kastberg et al. PRL 74, 1542 (1995) 
M. Greiner et al. PRL 87, 160405 (2001)

Band Mapping Experimental Results 
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Brillouin Zones in 2D
Momentum distribution of a dephased condensate 
after turning off the lattice potential adiabtically

2D

3D

SF-MI Bose-Hubbard Hamiltonian

Expanding the field operator in the Wannier basis of 
localized wave functions on each lattice site, yields :

Bose-Hubbard Hamiltonian

Tunnelmatrix element/Hopping element Onsite interaction matrix element

M.P.A. Fisher et al., PRB 40, 546 (1989); D. Jaksch et al., PRL 81, 3108 (1998) 
 
Mott Insulators now at: Munich, Mainz, NIST, ETHZ, Texas, Innsbruck, MIT, Chicago,Florence,...  
see also work on JJ arrays H. Mooij et al., E. Cornell,...



SF-MI From Weak to Strong Interactions

Weak Interactions Strong Interactions
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Strongly Interacting Fermions in Optical Lattices

R. Jördens et al., Nature 455, 204 (2008), U. Schneider et al., Science 322, 1520 (2008),  
D. Greif et al., Science 340, 1307 (2013)

Predicted phases at half filling for strong interactions U/12J > 1

max. Entropy 
S/N=kB 2 ln2

www.quantum-munich.de
Sherson et al. Nature 467, 68 (2010), 
see also Bakr et al. Nature (2009) & Bakr et al. Science (2010)

Single Atom Detection in a Lattice

Single Atoms Measuring a Many-Body Quantum System

Local occupation measurement

Ψ

Enables access to all position correlation between particles!

Extendable to other observables (e.g. local currents etc…)



Single Atoms

Premier point
✓ Ceci
✓ Cela

Deuxième point
✓ Ceci 

x
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Experimental Setup

x y

16 µm

lattice beams
1064 nm

high-resolution
objective
NA = 0.68

mirror 1084 nm
window 780 nm

4 µm

single 2D degenerate gas
~ 1000 87Rb atoms (bosons)

resolution of the 
imaging system: 
~700 nm

Single Atoms Fluorescence imaging

depth ~ 4000 Er
300 µK

depth ~ 10 Er

optica
l 

molass
es

density distribution frozen
phase coherence lost

4 µm

fluorescence rate / atom: 60 kHz
~ 5000 photons / atom collected in 900ms

Single Atoms Parity projection

measured occupation:  

measured variance:

parity projection   ⇒ 

optical 

molasse
s

Light-induced
collisions

initial density distribution measured density distribution

dePue et al., PRL 82, 2262 (1999) 

see also E. Kapit & E. Mueller, Phys. Rev.  A 82, 013644 (2010)

Single Atoms Reconstruction of site occupation

2 µm

 

 

Reconstruction
algorithm

digitized image
no experimental noise

Digitized image
convoluted  
with
point-spread  
function



www.quantum-munich.de

J. Sherson et al. Nature 467, 68 (2010), 
see also S. Fölling et al. Phys. Rev. Lett (2006), G.K. Campbell et al. Science (2006) 
N. Gemelke et al. Nature (2009), W. Bakr et al. Science (2010)

In-Situ Imaging of a Mott Insulator

Single Atoms Mott Insulators

- Number squeezing 
- No phase coherence

Mott-Insulator

- Poissonian atom number distribution
- Long range phase coherence

Superfluid

Single Atoms

20 µm
BEC Mott Insulators
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BEC Mott isolators

20 µm

Increasing atom number

In-situ observation of a Mott insulator

for the Mott insulators:   U/J ~ 300      (critical U/J ~ 16)
⇒   only thermal fluctuations

Single Atoms

Premier point
✓ Ceci
✓ Cela

Deuxième point
✓ Ceci 

Snapshot of an Atomic Density Distribution

BEC
n=1  

Mott Insulator
n=1 & n=2  

Mott Insulator

J. Sherson et al. Nature 467, 68 (2010)



Single Atoms Single Shot Thermodynamics

T = 0.090(5) U/kB, µ = 0.73(3) U
N = 300(20)

T = 0.074(5) U/kB, µ = 1.17(1) U
N = 610(20)

occupation probability:  

interaction energy:  

fit parameters:

radial position (µm)

0

0.5

1

0

0.25

0 2 4 6 8

σ m
ea

s2
〈 

n m
ea

s 〉

Simple Theory - Atomic Limit Mott Insulator

Imported Author 23 Oct 2013, 
7:24 

 2 kHz=100nK

1 kHz=50 nK


0.1 U approx 5 nK


measurement precision 500 

Fermionic Quantum Gas 
Microscopes

Strathclyde (40K) Harvard (6Li) MIT (40K)

Toronto (40K)

now also for fermions!

Fermionic Quantum  
Gas Microscopes

Li-Microscope Detection ‘Pinning’ Lattice
Pinning lattice 1064 nm Physics Lattice + Pinning Lattice

Pinning Spacing       532 nm
Onsite Trap Freq.  1.4 MHz

Physics Lattice



Li-Microscope Raman Cooling in Pinning Lattice

Δ

δF=3/2

F=1/2

2  S2
1/2ν

ΓOP

ΩR

2  P2
1/2

Raman-1

Raman-2 Repump

7 kHz Photon Scattering Rate!

Li-Microscope  Reconstruction of BI

~800 atoms in image 
field of view ~2000 lattice sites

Site Resolved Many-Body State AnalysisLi-Microscope

Entropy (kB)

Si =�kB Â
j20,1,2

pi, j log pi, j

Assume Grand Canonical also allows to obtain µ,T,k…

Average density

n̄i

Number squeezing

s2
n,i

n̄i

(dB)

Analysis from ~500 single shot images!

A. Omran et al. PRL 115, 263001 (2015)

Single Site Addressing

Ch. Weitenberg et al., Nature 471, 319-324 (2011)



Addressing Coherent Addressing of Atoms 

Differential light shift allows to coherently address single atoms!
Landau-Zener Microwave sweep to coherently convert atoms between  
spin-states.

F=1,mF=-1 Atoms F=2,mF=-2 Atoms

(2,-2)

(1,-1)

(2,-2)

(1,-1)D.S. Weiss et al., PRA (2004),  
Zhang et al., PRA (2006) 

Addressing Coherent Spin Flips   - Positive Imaging

b c

e

d

f

2 µm

Ch. Weitenberg et al., Nature 471, 319-324 (2011)

Subwavelength spatial resolution: 50 nm

DMD Adressing Spin impurity dynamics

|2>  = |F=2, mF=-2>
|1>  = |F=1, mF=-1>

Line-shaped light field created with DMD SLM

T. Fukuhara et al., Nature Physics 9, 235 (2013)

DMD Adressing Ultimate Size Control in 2D

Digital Mirror
Device (Size Control)

Fluctuating Size and 
non-perfect shape

Size & atom number perfectly controlled

•Sub Shot Noise Atom Number Preparation 

•Geometric & atom number control  
(crucial e.g. for quantum criticality) 

•Hard wall potentials realized  
(crucial for edge states)



DMD Adressing Ultimate Size Control in 2D

Digital Mirror
Device (Size Control) Initial MI Single Atom

3x3 5x5 7x7 8x8

atoms

Addressing Tunneling of a Single Atom

Position (lattice site)
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Single Atom Tunnelling Addressing Motional State Affected?
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see exp: Y. Silberberg (photonic waveguides), D. Meschede & R. Blatt (quantum walks)...



Addressing Higher Band Tunneling

Pointing offset (lattice sites)

x-Position (lattice sites)
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Excellent agreement with simulation.

Extension  to interacting particles  
possible

How do interactions change 
dynamics?

Ultracold Topological Matter

Topology Band Topology

E

LLL
!ωc

Integer Quantum Hall Effect

Fractional Quantum Hall Effect - Fractional Chern Insulators (Lattice analog)

sxy = ne2/h

 Integern
Chern Insulators 

Topological Insulators (e.g. due to Quantum Spin Hall Effect - Spin-Orbit)

Topology

𝜈=1
𝜈=1

𝜈=0

2016:
D. J. Thouless,
D. Haldane,
J. M. Kosterlitz

⇒ Challenge: topological many-body phases!
(Fractionally charged excitations, anyons,...)

Gauss-Bonnet 
theorem

1

2⇡

Z

M
⌦ dS = 2(1� ⌫)

local curvature

Classification of top. phases
similar to geometric objects:

Introduction



Gauge Fields Artificial B-Fields with Ultracold Atoms

Controlling atom tunneling along x with Raman lasers leads to effective tunnel
coupling with spatially-dependent Peierls phase j(R)

Ĥ =�Â
R

⇣
Keij(R)

â
†
RâR+dx

+ J â
†
RâR+dy

⌘
+h.c.

Magnetic flux through a plaquette:

f =
Z

BdS = j1 �j2

x

y

dx

dy

JJ

K eiϕ1

K eiϕ2

φ
D. Jaksch & P. Zoller, New J. Phys. (2003)

F. Gerbier & J. Dalibard, New J. Phys. (2010)
N. Cooper, PRL (2011)

E. Mueller, Phys. Rev.  A (2004) 
L.-K. Lim et al.  Phys. Rev. A (2010)  
A. Kolovsky, Europhys. Lett. (2011)

Fluxes corresponding to 
severals thousand Tesla 

magnetic field strength are 
possible! 

see also: lattice shaking 
E. Arimondo, PRL(2007) , K. Sengstock, Science (2011), 

M. Rechtsman & M. Segev, Nature (2013), Esslinger Nature (2014) 

Gauge Fields Harper Hamiltonian and Hofstadter Butterfly

φφ

φ

φ

φ

φ

φ

φ

φ

φ /
2π

1

0.75

0.25

0.5

0
0-4 4
E/J

Harper Hamiltonian: J=K and φ uniform.

The lowest band is topologically equivalent to the lowest Landau level.
D.R. Hofstadter, Phys. Rev. B14, 2239 (1976) 
see alo Y. Avron, D. Osadchy, R. Seiler, Physics Today 38, 2003 

Uniform Flux Example of Bloch Bands

ν1=1

ky (π/a) kx (π/a)

4 2 0

1

0

ν 1

En
er

gy
 (a

.u
.)

ΦΦ

Φ Φ

Δ+δ

δ

ba

-0.5 -0.5
0.5 0.5

ky (π/a) kx (π/a)
-0.5 -0.50.5 0.5

ky (π/a) kx (π/a)
-0.5 -0.50.5 0.5

ky (π/a) kx (π/a)
-0.5 -0.50.5 0.5

Detuning δ (J)x

y
Topologically non-trivialTopologically trivial

Hofstadter 
model for 
Φ=π/2

ν3=1

ν2=-2

Key insight for adiabatic loading/probing: 
keep Brillouin zone  

of topologically trivial & non-trivial phase matched!

Flat bands realized! Egap/Ebw ' 8

Experimental method

• Atoms in a 2D lattice
• Tunneling inhibited along one direction using energy offsets

y

x

Δ

Jx
  e.g. by using a linear potential

� � Jx

• Induce resonant tunneling with a pair of far-detuned running-wave beams
  → Reduced heating due to spontaneous emission compared to Raman-assisted tunneling!
  → Independent of the internal structure of the atom

ω1

ω2

!2 � !1 = �/~

M. Aidelsburger et al., PRL (2011); M. Aidelsburger et al., Appl. Phys. B (2013)

Artificial magnetic fields



• Interference creates a running-wave that modulates the lattice
• The phase of the modulation depends on the position in the lattice

y

x

k2, ω2

k1, ω1

! = !2 � !1

�k = k2 � k1

�(r) = �k · r

Lattice modulation:

with spatial-dependent phase

• Realization of time-dependent Hamiltonian, where tunneling is restored
• Discretization of the phase due to underlying lattice → �m,n

V 0
Kcos(!t+ �(r))

M. Aidelsburger et al., PRL (2011); M. Aidelsburger et al., Appl. Phys. B (2013)

Artificial magnetic fields Experimental method

• Time-dependent Hamiltonian:

Ĥ(t) =
X

m,n

⇣
�Jx â

†
m+1,nâm,n � Jy â

†
m,n+1âm,n + h.c.

⌘

+
X

m,n

⇥
m�+ V 0

K cos(!t+ �m,n)
⇤
n̂m,n

• Can be mapped on an effective time-averaged time-independent Hamiltonian
   for

Ĥeff =
X

m,n

⇣
�Ke

i�m,n â
†
m+1,nâm,n � J â

†
m,n+1âm,n + h.c.

⌘

F. Grossmann and P. Hänggi, EPL (1992)  
M. Holthaus, PRL (1992)

A. Kolovsky, EPL (2011); A. Eckardt, PRL (2005)  
A. Eckhardt, EPL (2007); P. Hauke, PRL (2012)  

A. Bermudez, PRL (2011); A. Bermudez, NJP (2012)  

~! � Jx, Jy, U

• To avoid excitations to higher bands
        has to be smaller than the band gap~!

Experimental methodArtificial magnetic fields

Note: Corrections could be important! 
see e.g. N. Goldman & J. Dalibard PRX 4, 031027 (2014)  

& related work M. Bukov, L. D’Alessio & A. Polkovnikov arXiv:1407.4803

Experimental setup

|k1| ' |k2| =
⇡

2d

�m,n =
⇡

2
(m+ n)

d

d

k2, ω2

k1, ω1

x

VK

π/2

VK

y

π/2

Experimental parameters:

⇒

The value of the flux is fully tunable by changing the geometry of the driving-beams!

Flux through one unit cell: 

depends only on phase 
difference along y!

� = �m,n+1 � �m,n =
⇡

2

Artificial magnetic fields

Characterizing Topology



Berry Phase Berry Phase in Quantum Mechanics

Example: Spin-1/2 particle  
in magnetic field

'Berry =

I

A
⌦n(R) dA

⌦n,µ⌫(R) =
@

@Rµ
An,⌫ � @

@R⌫
An,µ

An(R) = ihn(R)|rR|n(R)i
Berry connection

Berry curvature

M.V. Berry, Proc. R. Soc.  A (1984)

 (R) ! ei('Berry+'dyn)  (R)

Adiabatic evolution through closed loop

Berry Phase

'Berry =

I

C
An(R)dR = i

I

C
hn(R)|rR|n(R)i dR

Berry Phase Berry Phase for Periodic Potentials

 k(r) = eikruk(r) Bloch wave in periodic potential

Adiabatic motion in momentum space generates Berry phase!

k y

kx kx

k y

kx

k y

Berry phase is fundamental to  
characterize topology of energy bands

Thouless, Kohmoto, den Nijs, and Nightingale (TKNN), PRL 1982 
Kohmoto Ann. of Phys. 1985 

Chern Number (Topological Invariant) Quantized Hall Conductance

nChern =
1

2⇡

I

BZ
Akdk =

1

2⇡

Z

BZ
⌦k d

2k �xy = nChern e
2/h

What is the extension to 1D?

Mention Problem with going on 
a line is generally NOT A LOOP 
IN PARAMETER SPACE!

Topology Single Band Topology

Scalar Features

Band structure characterized by scalar & geometric features!

Geometric Features

yq,n(r) = eiqruq,n(r)

An(q) = ihuq,n|—q|uq,ni

Wn(q) = —q ⇥An(q) · ez

Eigenstates: Bloch waves

Eq,n

Dispersion relation
Berry connection

Berry curvature

How to
 m

easure ?
Uniform Flux Hall Response & Anomalous Velocity

2060

Fy

vx

h̄
dkc

dt
=�e

✓
—f(rc)+

drc

dt
⇥B(rc)

◆

drc

dt
=

1
h̄

—kcen(kc)�
dkc

dt
⇥W(kc)ẑ

anomalous velocity

Karplus & Luttinger, Phys. Rev. (1954)
Sundaram & Niu, Phys. Rev. B (1999) 

Exp: M.  Aidelsburger et al., Nature Physics 11, 162 (2015) 
see also G. Jotzu et al. Nature (2014)



Uniform Flux Chern Number Measurement

2

0 50 100 150 200

Di
ffe

re
nt

ial
 sh

ift
 (a

)

-4

-2

0

2

4

no flux

staggered flux

50

-50

0

50-50 0
Position (a)

Density (a.u.)

50

-50

0

50-50 0

50

-50

0

50-50 0

1

3

1

2

3

+F

-F

Bloch oscillation time (ms)

+F

+F

Experimentally measured
Chern number 

nexp = 0.99(5)

M.  Aidelsburger et al., Nature Physics 11, 162 (2015) 

π-Magnetic Flux π-Berry Flux

Real space Crystal momentum space

An Aharonov Bohm Interferometer for  
Determining Bloch Band Topology

D. Abanin E. Demler
L. Duca et al. Science 347, 288 (2015) 

D. Abanin et al. PRL 110, 165304 (2013)

Band Topolgy ‘Aharonov Bohm’ Interferometer in Momentum Space

x

y

B

Real Space

jAB =
q
h̄

Z
BdS = 2p F/F0

Aharonov-Bohm Phase

qx

qy

Ω

Momentum Space

jBerry =
I

C
An(q)dq =

Z

Sq
—⇥An(r) dSq

jBerry =
Z

Wn(q)dSq

Berry Phase

jAB =
q
h̄

I

C
A(r)dr = q

h̄

Z

S
—⇥A(r) d2r

Band Topology Hexagonal Lattices

Real Space

Reciprocal Space

Lattice:  A and B degenerate sublattices

H = H0 � J Â
R

3

Â
i=1

⇣
âRb̂

†
R+di

+h.c.
⌘

kx

ky

Lowest energy bands: 

Dirac points at the
corners of the first BZ

A. Castro Neto et al., Rev. Mod. Phys. 81, 109 (2009) 
cold atoms: hexagonal - K. Sengtsock (Hamburg),  
brick wall - T. Esslinger (Zürich)



All curvature 
concentrated

in tip

Band Topology Scalar & Geometric Features

Scalar Features

Band structure characterized by scalar & geometric features!

Geometric Features

kx

ky

yq,n(r) = eiqruq,n(r)

An(q) = ihuq,n|—q|uq,ni

Wn(q) = —q ⇥An(q) · ez

Eigenstates: Bloch waves

Eq,n

Dispersion relation

Berry connection

Berry curvature

'

Γ

Κ

Κ’

Stückelberg Accelerating the Lattice

Arbitrary accelerations 
in any direction can 

be applied!

Stückelberg Bloch Oscillations

0"us" 5"us" 15"us"10"us" 20"us"

40"us"

25"us"

45"us" 50"us" 65"us"55"us" 60"us" 70us"

30"us" 35"us"

75us"

Bloch oscillations induced by accelerating the lattice

0"us" 100"us" 300"us"200"us" 400"us"

600"us"

500"us"

700"us" 800"us" 1100"us"900"us" 1000"us"

weaker force

stronger force

quasi-momentum 
distribution



Band Topology The Interferometer

t

1 52 3

kx

ky

4

π/2,0 π/2,ϕMWπ,0

Forces applied by lattice acceleration and magnetic gradients!

K’

K
M

ky

kx

Γ

Band Topology Interferometry Results

Γ (ky  =0)Γ K'MK K M K' Γ

Final quasimomentum ky
fin
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π
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π

↑ n

ϕMW
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0 2ππ
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0 2ππ
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ϕ
MW

0 2ππ
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ky

fin
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M

 k y
fin<0  k y
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Band Topology Zooming into the Edge
Interferometer path

kx

kyy

R L

Differential areaLocation after band-mapping
RL

B
B

Phase jump of interferometer
within 1% change  
of quasimomentum!



Band Topology Robust Berry Flux at Dirac Cone Negative Temperature Thermodynamic Definition of Temperature

1

T
=

✓
@S

@E

◆

V

Positive Temperature
Entropy increases with Energy

Negative Temperature
Entropy decreases with Energy

Thermodynamic theorems apply in negative as well  
as positive temperature regime!

Warning:  
Temperature 

does not measure  
energy content!!!

Negative Temperatures Requirements

Pi / e�
Ei

kBT

Pi

E

For positive temperatures, we require lower energy bound Emin!

Emin

Negative Temperatures Requirements

For negative temperatures, we require upper energy bound Emax!

Emax

Pi / e�
Ei

kB(�T )

Pi

E



Negative Temperatures Requirements

Norman Ramsey 
(1915-2011) 

L. Onsager, N. Cim.  6, 279 (1949) 
E.M. Purcell & R.V. Pound, Phys. Rev. 81, 279 (1951) 
N. Ramsey, Phys. Rev. 103, 20 (1956) 
M.J. Klein, Phys. Rev. 104, 589 (1956)
P. Hakonen & O. Lounasmaa, Science 265, 1821 (1994)
P. Medley et al, Phys. Rev. Lett 106, 195301 (2011) 

B

Lowest Energy State EminHighest Energy State Emax

But how to realise in 
gas of  

moving atoms,  
for motional states???

Negative Temperature Energy Bounds of the BH Model

Eq
q

Eq
q

r
E

E

0

-4J

4J

T, U, V > 0 T, U, V < 0

Ekin Eint Epot

Ekin Eint Epot

Ĥ = �J

X

hi,ji

â
†
i âj +

U

2

X

i

n̂i (n̂i � 1) + V

X

i

R2
i n̂i

U,V < 0 required for upper energy bound!

Negative Temperature Entropy vs  Energy

Energy

E
nt
ro
py

Emin Emax

0
S
m
ax

n

0

+0 >0 <0 ‒0

‒∞ +∞‒β

T +∞ ‒∞

E

n n

E E

How do we  

get there???

Experimental Sequence

Eq

q  

Negative Temperature

T,U,V >0

Superfluid

Eq

q  

Mott Insulator

Eq

q  

Atomic Limit 
Mott Insulator

Eq

q  

U ➟ -U   V ➟ -V 

Atomic Limit 
Mott Insulator

Eq

q  

Eq

q  

T,U,V <0

Mott Insulator

Superfluid

Sequence: A. Rapp, S. Mandt & A. Rosch, PRL (2010)



Negative Temperatures Experimental Results

Optical density (a. u.)0 1

Positive Temperature w/o switching

Negative Temperature w switching

SF to MI

Negative Temperatures Collapse of Condensate

For attractive interactions (a<0), condensate collapses!

E.A. Donley et al. Nature 412, 295-299 (2001) 
J. M. Gerton et al. Nature 408, 692 (2000)

Negative Temperatures Stability

Hold time in final lattice (ms)
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Negative Temperature State as Stable as Positive Temperature State!

Negative Temperatures Occupation of Energy States

Kinetic energy of Bloch wave (J)
O

cc
up

at
io

n 
(a

.u
.)

0.20

0.15

0.10

0.05

0.00
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OD (a. u.)
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Data

Fit

Ekin(qx, qy) = �2J [cos(qxd) + cos(qyd)]

n(qx, qy) =
1

e(Ekin(qx,qy)�µ)/kBT � 1

T=-2.2J/kB

Kinetic energy well 
fitted by Bose-Einstein 

distribution



Negative Temperatures Implications

Gases with negative temperature possess negative pressure!

dE = TdS � PdV

@S

@V

����
E

=
P

T
� 0

@S

@V

����
E

� 0 and

Carnot engines above unit efficiency! (but no perpetuum mobile!)

⌘ =
W

Q1
= 1� T2

T1

Some statements for the second law of thermodynamics  
become invalid!

Neg T Anti-Friction at Negative Temperature

 

 

Friction:
entropy increases 
! Medium heats up
Particle slows down

Anti-Friction:
entropy increases 
! Medium cools down
Particle accelerates

particle spectrum is 
assumed to be unbounded

(but direction is randomized
in long-term limit)



Neg T What is the correct form of the entropy?

 

Neg T What is the correct form of the entropy?

 

Dunkel, Hilbert Nat. Phys. 10, 67 (2014)

 

 

Example: N two-level atoms  Carnot limits

Opposite  
entropy flow

   

Energy and Entropy are globally conserved!

No violation of thermodynamic laws ! No solution to energy problem!

Hot Reservoir

Cold Reservoir

T2 > 0 : S2,E2

T1 > 0 : S1,E1

DS

DE2

DE1

DW

h =
DW
DE2

< 1

Cold Reservoir
T1 > 0 : S1,E1

Hot Reservoir

DE1

DS

DW

DE2

T2 < 0 : S2,E2

h =
DW
DE2

> 1

Negative Temperatures
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Atoms in Periodic Potentials

H� (n)
q (x) = E(n)

q � (n)
q (x) with H =

1
2m

p̂2 +V (x)

� (n)
q (x) = eiqx · u(n)

q (x)

HB u(n)
q (x) = E(n)

q u(n)
q (x) with HB =

1
2m

(p̂+q)2 +Vlat(x)

Single Particle in a Periodic Potential - Band Structure (1)

Solved by Bloch waves (periodic functions in lattice period)

q = Crystal Momentum or Quasi-Momentum
n = Band index

Plugging this into Schrödinger Equation, gives:

V (x) = �
r

Vrei2rkx and u(n)
q (x) = �

l
c(n,q)

l ei2lkx

V (x)u(n)
q (x) = �

l
�
r

Vrei2(r+l)kxc(n,q)
l

(p̂+q)2

2m
u(n)

q (x) = �
l

(2h̄kl +q)2

2m
c(n,q)

l ei2lkx.

V (x) = Vlat sin2(kx) =�1
4

�
e2ikx + e�2ikx

⇥
+ c.c.

Single Particle in a Periodic Potential - Band Structure (2)

Use Fourier expansion

yields for the potential energy term

and the kinetic energy term

In the experiment standing wave interference pattern gives

�
l

Hl,l⇥ · c(n,q)
l = E(n)

q c(n,q)
l with Hl,l⇥ =

�
⇤

⇥

(2l +q/h̄k)2Er if l = l⇥
�1/4 ·V0 if |l� l⇥| = 1
0 else

�

⇧⇧⇧⇧⇧⇧⇧⇤

(q/h̄k)2Er � 1
4V0 0 0 . . .

� 1
4V0 (2+q/h̄k)2Er � 1

4V0 0
0 � 1

4V0 (4+q/h̄k)2Er � 1
4V0

� 1
4V0

. . .

⇥

⌃⌃⌃⌃⌃⌃⌃⌅

�

⇧⇧⇧⇧⇧⇧⇧⇧⇤

c(n,q)
0

c(n,q)
1

c(n,q)
2

...

⇥

⌃⌃⌃⌃⌃⌃⌃⌃⌅

= E(n)
q

�

⇧⇧⇧⇧⇧⇧⇧⇧⇤

c(n,q)
0

c(n,q)
1

c(n,q)
2

...

⇥

⌃⌃⌃⌃⌃⌃⌃⌃⌅

Single Particle in a Periodic Potential - Band Structure (3)

Use Fourier expansion

Diagonalization gives us Eigenvalues and Eigenvectors!



Bandstructure - Blochwaves  Topic

wn(x� xi) = N �1/2 �
q

e�iqxi� (n)
q (x)

Wannier Functions

An alternative basis set to the Bloch waves can be constructed through localized  
wave-functions: Wannier Functions!

Dispersion Relation in a Square Lattice


