
Scattering Theory

Schršdinger Equation of Scattering Problem

Ĥ0 +Û(r)|ψk�= E|ψk�

ψ+
k = eikr + f (k,k�)

eikr

r

Wave function
in far-field (outside
region of scattering 
potential)
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Scattering Cross Section

Differential Scattering Cross Section

dσ
dΩ

=
Rate of particles scattered into solid angle dΩ

incident particle flux

Particle flux

j =
h̄
m

Im{Ψ∗∇Ψ}

we obtain 

dσ
dΩ

= | f (θ)|2

total scattering cross section

σ =
! dσ

dΩ
dΩ
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Partial Wave Expansion

For spherically symmetric scattering potential we can write (partial wave decomposition=

ψk = ∑
l=0

Al Pl (cosθ)Rl (r)

For every angular momentum l, we obtain radial wave equation

�
h̄2

2m

�
− d2

dr2 − 2
r

d
dr

+
l(l +1)

r2

�
+U(r)

�
Rl (r) = ERl (r)

For free particle motion (U=0), this corresponds to the differential equation 
of the spherical Bessel functions.

Rl(r) ! cosδl jl(kr) + sinδlnl(kr)

Rl (r) !
r→"

1
kr

sin(kr+δl − l
π
2
)

This yields in the far field limit:
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Scattering Phase Shift & Scattering Amplitude

We can relate the scattering phase shift      to the scattering amplitude, via:

f (θ) = 1
k

!

"
l=0

(2l +1)eiδl sinδlPl(cosθ)

! l

σ =
4π
k2

∞

∑
l=0

(2l +1)sin2 δl

! l ≤
4"
k2 (2l +1)

scattering cross section

unitarity limit for partial wave cross sections
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s-Wave Scattering

R0(r) ∝
r→∞

1
kr

sin(kr + ! 0)

For r0 < r < 1/k we can approximate the above to 

a =
k→0

−δ0

k

R0 ≈ 1+
δ0

kr
= 1− a

r

Scattering Length

Far field radial wave function

f (k) =
1

kcot ! 0(k) ! ik
" !

a
1 ! arek2/2+ ika

Scattering amplitude (including effective range)
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Scattering from Attractive Square Well Potential

for r < r 0

for r > r 0

Ansatz:

Wave vector in inner region of potential
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Scattering Wave Functions 

a<0

a>0

a=0

for 

no bound state

one bound state
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Scattering Phase Shifts, Scattering Length 
(Box Potential)

Scattering phase shift

Scattering length

Resonances for:
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Weakly Bound ÒHaloÓ States

Very extended ÒHalo statesÓ are formed close to a Feshbach Resonance for a>0.
These correspond to weakly bound states that enter the potential well.

Binding energy of Halo state

Wave function of Halo state

Sunday, February 7, 2010



Scattering of Bosons

s-wave (l=0) d-wave (l=2,m=0)

from. Ch. Buggle (thesis UoA 2005)
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Pseudopotential

For ultracold collisions, scattering between particles is characterized by a single 
parameter - the scattering length.

We can replace the molecular scattering potential with alternative potential that
gives same scattering length!

e.g. Pseudopotential 

For regular functions at the origin, this latter derivative may be omitted:
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Identical Particle Scattering

For scattering of identical particles, the scattering wave-function has to obey the right
symmetry under particle exchange!

+ for Bosons, - for Fermions

Leads to constructive or destructive interference in partial wave amplitudes!

Identical Boson: s,d,f...  wave scattering (even partial waves)
Identical Fermions: p,g,h... wave scattering (odd partial waves)

s-wave scattering

distinguishable particles

indistinguishable particles

Consequence: no s-wave scattering for identical fermions!
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Some s-wave Scattering Spheres

Multiple scattering spheres become between different momentum components become visible!

Images shown after time of flight period.

Sunday, February 7, 2010



Feshbach Resonance

Potential curves of open and
closed scattering channels.

Scattering length and binding
energy of weakly bound state
across Feshbach resonance.
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Feshbach Resonances - Experiment

S. Inouye et al. Nature S. Cornish et al. PRL
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Converting Atoms Pairs into Bound Molecules

Adiabatic Feshbach Ramp

RF Association

Three-Body Recombination
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Creating Molecules via Adiabatic Ramps

P
Pmax

= 1−exp
�
−αn

øh
m

����
∆abg

úB

����

�

Pmax determined by Phase Space Density of
Atom Cloud.

C. Regal et al., Nature 2003
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Measuring Binding Energies of the Molecules

free atom resonance
molecule resonance

C. Regal et al., Nature 2003
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B

a

Creating a MBEC out of a Fermi Gas

atoms

Ebinding

EF

molecules BEC
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Molecular Bose-Einstein Condensates

S. Jochim et al., 
Science, 2003
(Innsbruck)

M. Greiner, C. Regal and D. 
Jin 
Nature, 2003
(JILA)

M. W. Zwierlein et al.,
Phys. Rev. Lett, 2003
(MIT)
see also Ch. Salomon (ENS) 
and J. Thomas (Duke)
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